In this paper we study the quantisation of Dirac field theory in the κ-deformed space-time. We adopt a quantisation method that uses only equations of motion for quantising the field. Starting from κ-deformed Dirac equation, valid up to first order in the deformation parameter, we derive deformed unequal time anti-commutation relation between deformed field and its adjoint, leading to undeformed oscillator algebra. Exploiting the freedom of imposing a deformed unequal time anti-commutation relations between κ-deformed spinor and its conjugate, we also derive a deformed oscillator algebra. We show that deformed number operator is the conserved charge corresponding to global phase transformation symmetry. We construct the κ-deformed conserved currents, valid up to first order in a, corresponding to parity and time-reversal symmetries of κ-deformed Dirac equation. a fundamental length scale. DSR is also known to modify the energy-momentum dispersion relation. It has been shown in [8] , that the symmetry algebra of the κ-deformed space-time is defined by the κ-Poincare algebra, which is a Hopf algebra. The symmetry algebra of the κ-deformed space-time can also be realised using undeformed κ-Poincare algebra, where the defining relations are same as that of the usual Poincare algebra, but then the explicit form of the generators are deformed [9] [10] [11] [12] [13] .
Introduction
The notion of non-commutative space-time serves an elegant way of studying the gravitational effects at Planck length scales [1] . Different approaches to quantum gravity introduce minimal length scale and non-commutativity provides a natural paradigm to incorporate such a length scale. Certain type of non-commutative space-time was shown to appear naturally in the low energy limit of string theory in [2] . Similarly, loop quantum gravity predicts the appearance of non-commutative space-time in its low energy limit. Quantum field theories in non-commutative space-times have been studied as a possible approach to handle the divergences [3] . The field theories defined on non-commutative space-time is known to exhibit the mixing of UV and IR divergences [4] and are known to be inherently non-local and non-linear. The underlying symmetry of the field theories on non-commutative space-time is known to be realised through Hopf algebra [5] .
The two well studied non-commutative space-times are Moyal space-time [2] and κ-deformed spacetimes. The commutation relation between the space-time coordinates of Moyal space-time is a constant tensor, i.e, [x µ ,x ν ] = Θ µν whereas the space-time coordinates of κ-deformed space-time obeys a Lie-algebra type commutation relation, i.e [x µ ,x ν ] = a µxν − a νxµ .
This space-time is shown to be the underlying space-time of deformed/doubly special relativity (DSR) [6] . DSR is an extension of the special theory of relativity, accomodating a fundamental length scale in a frame independent way [7] . This modification of the special theory of relativity was motivated by the fact that many different approaches to the theory of microscopic gravity predict the existence of between the spinor field and its adjoint in terms of the Klein-Gordon divisor, which acting on the equation of motion, transforms it into Klein-Gordon equation. Using this equation of motion, the expression for the conserved current, corresponding to a symmetry transformation, is then defined. In sec. 3 we summarise the construction of the κ-deformed Dirac equation, valid up to first order in a, by replacing commutative derivative with Dirac derivative, such that product of deformed field equation and its adjoint equation gives the κ-deformed Klein-Gordon equation, valid up to first order in a. We also obtain the κ-deformed Klein-Gordon divisor. In sec. 4 we solve the κ-deformed Dirac equation perturbatively, valid up to first order in a, and using this we derive the deformed unequal time anticommutation relation between deformed field and its adjoint, using the undeformed oscillator algebra. We also derive the deformed oscillator algebra by demanding that the unequal time anti-commutation relation between deformed field and its adjoint is unaffected by the κ-deformation of space-time. In sec. 5 we show that the deformed number operator is the conserved charge corresponding to global phase transformation symmetry of a deformed Dirac field. In subsec. 5.1 and 5.2, we derive the deformed conserved currents corresponding to parity and time-reversal symmetry of κ-deformed Dirac equation, respectively. In sec. 6 we discuss our results and present conclusions. In appendix A, we show that in the limit of commutative space-time the conserved charges obtained above reduce to the generators of the corresponding symmetry transformations. In appendix B, we derive the κ-deformed energy-momentum tensor and using it obtain the deformed conserved four momenta and the angular momenta, valid up to first order in a.
Here we use η µν = diag(−1, 1, 1, 1).
Quantisation without Lagrangian
In this section we give a brief review of the quantisation procedure introduced by Y. Takahashi and H. Umezawa in [25] . This method does not require the explicit form of the Lagrangian for quantisation of the fields but needs only the equations of motion satisfied by the field for its quantisation. The equations of motion corresponding to a free field and its adjoint can be expressed as
respectively. Here Λ(∂) is a polynomial of derivative operators ∂ µ , whose explicit form is given as
The above construction is valid when the Λ's are symmetric in its indices. According to this procedure every free field equations of motion reduces to Klein-Gordon equation when it is acted upon by an operator called Klein-Gordon divisor, denoted by d(∂), such that it satisfy the relations
For Klein-Gordon field, d(∂) is the identity operator-1. Similarly for a Dirac field, we have Λ(∂) = i / ∂+m and d(∂) = i / ∂ − m. The field operator satisfying the equation of motion given in Eq.(2.1) is decomposed using the creation and the annihilation operator as
Here, u p (x) satifies Λ(∂)u p (x) = 0. For a bosonic field, the creation and annihilation operators appearing in Eq.(2.4) satisfy canonical commutation relation. Similarly for a fermionic field they obey anticommutation relations given by
The field operator, defined in Eq.(2.4), and its adjoint operator follow an unequal time (anti-)commutation relation in the light cone. This canonical (anti-)commutation relation is compatible with Heisenberg's equation of motion [25, 27] ,
satisfied by the field operator φ(x). The unequal time anti-commutation relation (if the corresponding creation and annihilation operators follow Eq.(2.5)) between spinor field and its conjugate is given by
The above quantisation scheme also provides a unique way of constructing the conserved current from the corresponding equations of motion, without using its Lagrangian [25, 27, 30] . The conserved current is derived with the help an operator, Γ µ (∂, − ← − ∂ ) which is defined as
and it satisfies the identity
This identity allows us to verify that the conserved current, corresponding to the symmetry of the field equation, is divergenceless. Let us assume that the field equation and its adjoint are invariant under the transformations given by respectively. Now using the operator Γ µ (∂, − ← − ∂ ), defined in Eq.(2.8), the conserved current is defined as
Thus constructed conserved current provides a definition of normalisation of field operators. Using this procedure one can also obtain the conserved currents corresponding to the discrete symmetries.
κ-deformed Dirac equation
In this section we summarise the κ-deformed Dirac equation, valid up to first order in a [24] . The κ-deformed space-time coordinates satisfy a Lie-algebra type commutation relations given by
where a is the κ-deformation parameter having the dimension of length and we choose a specific realisation for the κ-deformed space-time [9] , i.e.,x
Substituting Eq.(3.2) in Eq.(3.1), we get realisation for κ-deformed space-time coordinate as
3)
where A = ap 0 . The symmetry algebra of the κ-space-time is defined through undeformed κ-Poincare algebra [9, 10] . Since the commutative derivatives do not transform as 4-vector under undeformed κ-Poincare algebra, Dirac derivatives are defined for this purpose and they are given by
The quadratic Casimir of the undeformed κ-Poincare algebra is constructed using Dirac derivatives as
. Thus we construct the κ-deformed Klein-Gordon equation using Eq.(3.5) as
Up to first order in a, this κ-deformed Klein-Gordon equation becomes
Now we obtain the κ-deformed Dirac equation and its conjugate equation, by replacing the commutative derivative with Dirac derivative, as
The product of Eq. 
and their product gives Eq.
In the κ-deformed space-time, valid up to first order in a, first of Eq.
and κ-deformed Klein-Gordon divisor aŝ
4 Quantisation of κ-deformed spinor field
In this section we quantise the Dirac equation defined in the κ-deformed space-time by applying the above procedure [25] [26] [27] and obtain the corresponding deformed oscillator algebra, valid up to first order in a. We also show that by requiring the unequal time anti-commutation relation between spinor and its conjugate to be undeformed, we obtain a deformation of the oscillator algebra. The κ-deformed field operator and its adjoint are decomposed using creation and anihilation operators asψ
respectively. Here E p = p 2 + m 2 , is the commutative disperison relation.ψ(x) andψ(x) defined in Eq. 
where α is a parameter having the dimension of [L] −1 , i. e.,
and
Let us consider Eq.(4.4) first. By separating the a independent and a dependent terms, we get two equations as
After re-writing, second of Eq.(4.6) as
we use Green's function method to solve this inhomogeneous differential equation and the solution is obtained as
We shift the poles by iǫ and evaluate the integral as
is the propagator for the complex Klein-Gordan equation and from [32] we find
Substituting Eq.(4.11) in Eq.(4.8), we get
Now we use integral representation of step function, i. e, Θ(t − t ′ ) = lim ǫ→0 
Thus we getû
Now we consider Eq.(4.5) and by separating it in to a independent and a dependent coefficient terms, we get
We follow the similar steps as we did to findû(p) and obtain v (1) 
We consider the κ-deformed version of the unequal time anti-commutation relation between κ-deformed Dirac field operator and its adjoint as given in Eq.(2.7)
For a fermionic theory we assume the anti-commutation relations between deformed creation and anihilation operators in the usual form, i. e., 
. 
Using Eq.(4.15) and Eq.(4.18), we evaluate u 
We notice that first terms of the Eq. 
In the above equation, ∆ (1) (x − x ′ ) is the first order correction to∆(x − x ′ ), which is to be calculated.
Here too the last integral vanishes as the integrand being an odd function. Now we compare this with Eq.(4.28) and find that ∆ (1) (x − x ′ ) = 2α∆(x − x ′ ) for the undeformed oscillator algebra given in Eq.(4.21). Hence we find that∆(x − x ′ ) is same as that obtained for the κ-deformed Klein-Gordon equation [32] . Thus the anti-commutation relation between deformed field operator and its adjoint becomes
Now we consider a situtation where the anti-commutation relation between creation and annihilation operators is allowed to be deformed, and this deformation is vaild up to first order in a. i.e, we assume the deformed oscillator algebra to be of the form
(4.31)
Note that in the above, h(a) is an unknown function in a. Using this deformed oscillator algebra in Eq.(4.22) and following the above steps, we get the, unequal time anti-commutation relation between deformed field operator and its adjoint in the form
We now choose h(a) such that the anti-commutation relation between deformed field operator and its adjoint becomes undeformed, up to first order in a. This sets h(a) = 1 − 2aα. Thus the undeformed anti-commutation relation between deformed field operator and its adjoint takes the form
The κ-deformed anti-commutation relations between deformed creation and anihilation operator are thus given by
(4.34)
We observe that the deformation factor appearing in the deformed oscillator corresponding to κdeformed Dirac field is same as that of the deformation factor appearing in the deformed oscillator algebra of κ-deformed Klein-Gordon field [32] .
κ-deformed conserved currents
In this section we derive the conserved currents corresponding to global phase transformation as well as those corresponding to discrete symmetry transformation of κ-Dirac equation, valid up to first order in a, using the operator,Γ µ (∂, − ← − ∂ ) defined in Eq.(2.8). TheΓ µ (∂, − ← − ∂ ) operator for the κ-deformed Dirac field is constructed fromΛ(∂), by substitutinĝ Λ(∂) in Eq.(2.8) and its explicit form, valid up to first order in a is given bŷ
It is to be noted that the second term in the RHS is soley due to the contribution from the κ-deformation, valid up to first order in a. Now using Eq.(2.12), we write the expression for the deformed conserved current asĴ
where we have taken G =ψ(x) and F = δψ(x). Under an infintesimal global phase transformation, we haveψ(x) →ψ ′ (x), whereψ ′ (x) = e −iθψ (x), and hence δψ(x) = −iθψ(x). Thus corresponding deformed conserved current, using Eq.(5.2) is obtained aŝ
Next we construct the κ-deformed number operator asN = d 3 xĴ 0 (x), i.e, 
We denoteN a (p) =â † (p)â(p) andN b (p) =b † (p)b(p) and after normal ordering we get the deformed number operator, valid up to first order in a, as
Here we see that the deformed number operator gets modified by a term that depends only on aα as well as a mass-dependent term, −a p 2 Ep . In the commutative limit, i. e, a → 0, we recover the Dirac number operator as, :
We now consider the discrete symmetry transformation of this equation and construct corresponding conserved currents. For this, we start with the κ-deformed Dirac equation, valid upto first order in a, given in Eq.(3.10), re-written as
We now consider the invariance of this equation under parity, time-reversal and charge conjugation respectively [30] .
Parity
Under the parity transformation, we have
Let there be a matrix P such that
given in Eq. (3.14) , then Pψ(−x i , t) =ψ p (x i , t) will satisfy the κ-deformed Dirac equation. We find the P = γ 0 , satisfy above requirement and it is the same as that in the commutative case. Thus parity is a symmetry for κ-deformed Dirac equation. Now we determine the deformed conserved current corresponding to parity symmetry for the κdeformed Dirac equation, valid up to first order in a. The deformed conserved current for parity is defined using Eq.(5.2) by taking δψ(x) =ψ p (x i , t) (see appendix for details)
From Eq.(5.10) we notice that the second term on RHS is purely due to the non-commutative correction and this term is present only in the spatial part of the deformed conserved current. Now we obtain the explicit form of the conserved charge corresponding to parity symmetry, by substituting Eq.(4.16) and Eq.(4.19) in above, i.e, Eq.(5.10), aŝ Q p = dp 3 (2π) 3 
Here we see that conserved charge corresponding to parity symmetry in κ-deformed space-time picks up two correction terms, of which first one is mass independent and the second one is mass-dependent. This non-commutative correction factor is exaclty the same as non-commutative correction term present in the deformed number operator Eq.(5.6). Note that the conserved charge in κ-deformed space-time has the same form as that in commutative space-time and the a-dependent corrections come only from the deformed field operator and its adjoint. This is due to the fact that the parity operator is same in both commutative and κ-deformed spacetime. In the commutative limit, the conserved current corresponding to the parity symmetry of Dirac equation reduces to
time-reversal
Under the time-reversal we have
and taking its comlpex conjugate we get
Let us consider a matrix T such that is obeys,
where T iγ 0 * ∂ 0 − iγ i * ∂ i + a 2 γ 0 * ∂ 2 i + m T −1 isΛ(∂), given in Eq.(5.8). Then Tψ * (x i , −t) =ψ T (x i , t) will satisfy the κ-deformed Dirac equation. By comparing Eq.(5.14) withΛ(∂) we find T γ 0 * T −1 = γ 0 and T γ i * T −1 = −γ i and hence we obtain T = iγ 1 γ 3 . Thus time-reversal operator is the same as that in commutative space-time. We find that time-reversal is also a symmetry for κ-deformed Dirac equation.
Now we obtain the deformed conserved current corresponding to the time-reversal symmetry of the κ-deformed Dirac equation, valid up to first order in a. The deformed conserved current for time-reversal is defined as [30] .Ĵ
From Eq.(5.15) we observe that the second term on RHS is soley due to the contribution from the first κdeformed correction and this term is present only in the spatial part of the κ-deformed conserved current. Now we obtain the explicit form of the conserved charge corresponding to time-reversal symmetry, by substituting Eq.(4.16) and Eq.(4.19) in above, aŝ
We observe that the conserved charge corresponding to time-reversal symmetry in κ-deformed spacetime also posses same a dependent correction terms as in the case of parity and global phase transformation symmetries. Here too the second term depend on the mass of the particle.
Note that the a-dependent corrections come only from the deformed field operator and its adjoint. This is consistent with the fact that the time-reversal operator in κ space-time as in the commutative case. In the commutative limit, the conserved current corresponding to the time-reversal symmetry of Dirac equation reduces to J µ = iψ(x i , t)γ µ ψ T (x i , t) + h.c [30] . It is shown in [24] that charge conjugation is not a symmetry of κ-deformed Dirac equation. Hence, there is no κ-deformed conserved current associated with charge-conjugation.
Conclusions
In this paper starting with the κ-deformed Dirac field, satisfying κ-deformed Dirac equation, valid up to first order in a, for a particular choice of realisation, we have quantised the Dirac spinor in κ-deformed space-time, following the method developed in [25] [26] [27] . The κ-deformed Dirac equation has been constructed [24] from the Dirac derivative, which transform as 4-vector under undeformed κ-Poincare algebra. It is to be noted that we quantised the κ-deformed Dirac spinor using the equations of motion alone, without using its Lagrangian.
Using the κ-deformed Dirac equation and its adjoint equation, we have constructed theΛ(∂) operator and Klein-Gordon divisor,d(∂), for the deformed Dirac field in the κ-space-time, valid up to first order in a. We further used theΛ(∂) operator and derived theΓ µ (∂, − ← − ∂ ) operator, valid up to first order in a, in the κ-deformed space-time. The κ-deformed Dirac equation is then solved perturbatively obtaining solutions, valid up to first order in a. This solution is then used to derive the unequal-time anticommutation relation between the deformed Dirac field and its adjoint field, valid up to first order in a. The expression for the anti-commutation relation is shown to be modified by the space-time deformation and in the limit a → 0, we get back the well-known result. This modification in anti-commutator is given in terms of the Green's function,∆(x − x ′ ) and we found that∆(x − x ′ ) is exactly the same as that obtained for κ-deformed Klein-Gordon equation [32] . The undeformed oscillator algebra between the creation and annihilation operators gave rise to a deformed unequal-time anti-commutation relation between deformed Dirac field and its adjoint field, where (1 + 2aα) is the deformation factor. In [32] we showed that undeformed oscillator algebra leads to deformed unequal time commutation relation between deformed Klein-Gordan field and its conjugate, with the same deformation factor (1 + 2aα). By demanding the unequal time anti-commutation relation between deformed field and its adjoint to be undeformed, we obtained a deformed oscillator algebra, where the deformation factor, i.e, (1 − 2aα), valid up to first order in a. This deformation factor present in the deformed oscillator algebra is also the same as that of the deformation factor present in the deformed oscillator algebra of κ-deformed Klein-Gordan field [32] .
We have derived the κ-deformed number operator from the deformed conserved charge corresponding to the global phase transformation symmetry as in the commutative case [27] and the number operator picks up a mass-dependent correction term in the κ-deformed space-time. We have also studied the discrete symmetry in the κ-deformed Dirac equation and using theΓ µ (∂, − ← − ∂ ), the expression for the deformed conserved current and charge, valid up to first order in a, corresponding to parity and timereversal symmetry have been derived, without referring to the κ-deformed Lagrangian. In both these cases, the conserved charges have the same form as that in the commutative case and the a-dependent correction is only from the a-dependent corrections of the deformed field and its adjoint.
Appendix A
Here, we give a brief summary of the construction of conserved charges appropriate for parity and time-reversal symmetries of Dirac equation in commutative space-time [30] .
From the Dirac Lagrangian, L =ψ(x)(i / ∂ + m)ψ(x), we obtain the conjugate momenta for ψ(x) as π ψ = iψ † satisfying the relation
The variation in ψ(x), i.e, δψ(x) due to a symmetry transformation can be determined from the generator of the symmetry transformation using the relation given by
The conserved current corresponding to the parity symmetry of the commutative Dirac equation is
and the corresponding conserved charge is
Hence δψ(x) corresponding to parity symmetry is obtained by comparing Eq.(7.2) and Eq.(7.3) as
Similarly for a time-reversal symmetry the conserved current is J µ = iψ(x i , t)γ µ ψ T (x i , t) and the corresponding conserved charge is
Therefore δψ(x) corresponding to time-reversal symmetry is obtained from Eq.(7.2) and Eq.(7.4) as δψ(x) = ψ T (x i , t). Following these, in the κ-deformed space-time, we get δψ(x) =ψ P (x i , t) corresponding to parity symmetry and δψ(x) =ψ T (x i , t) = γ 1 γ 3 ψ * (x i , −t) corresponding to time-reversal symmetry. Since the κ-deformed charges have the same form as that in the commutative case and a dependent corrections come only from the deformed field and its adjoint, it is natural that parity and time-reversal operators, γ 0 and iγ 1 γ 3 , are same as that in the commutative space-time.
Appendix B
Here, we discuss the construction of the generators of the space-time symmetry transformation in κ- Thus we obtain δψ(x) = −θ 0 ∂ 0ψ (x) + θ i (1 − ap 0 )∂ iψ (x). Hence substituting this in Eq.(8.1), we obtain the deformed conserved current aŝ
The general expression for the conserved current, obtained by varying the action, is given as
whereδφ(x) = φ ′ (x ′ ) − φ(x). For a space-time translation,δφ(x) = 0 and δx µ = θ µ . Therefore we get the energy-momentum tensor by taking the derivative of J µ with respect to δx ν , i.e, θ µ . Hence we obtain the deformed energy-momentum tensor from Eq.(8.4) asT µν = ∂Ĵ µ ∂θν . Thuŝ
Note that all a-dependent terms coming from 2 nd and 3 rd terms in the above vanish forT 00 .
Here we see that in the commutative limit, i.e, a → 0, the energy momentum tensor of Dirac field reduces to the well-known form, T µν = i 2 ψ γ µ ∂ νψ +ψγ ν ∂ µψ + h.c. We use theT µν calculated in Eq.(8.6) to obtain the deformed conserved momenta,P µ = d 3 xT µ0 , aŝ
We also use deformed energy-momentum tensor expressed above, i.e,T µν , to construct the κ-deformed angular momentum operator from the relationM µν = d 3 x(T µ0xν −T ν0xµ ) = d 3 x(P µxν −P νxµ ). Thuŝ
We see that in the commutative limit, i.e, a → 0, the angular momentum tensor for the Dirac field becomes M µν = d 3 x i 2 (ψγ µ ∂ 0ψ +ψγ 0 ∂ µψ )x ν − i 2 (ψγ ν ∂ 0ψ +ψγ 0 ∂ νψ )x µ + h.c . Straight forward calculations show that theP µ andM µν derived in Eq.(8.7) and Eq.(8.8) satisfy the undeformed κ-Poincare algebra [10] .
